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, . Kindler-Trost[3, Corollary 5.2] , Sion
[7] , Interval





$X$ , $\mathcal{B}(X)$ $X$
. $X$ $L$ , $\mathcal{B}(X)$ $M_{L}$
$M_{L}(f)= \sup_{x\in L}f(x)$ , $f\in \mathcal{B}(X)$
. B(X) F , $\mathcal{B}(X)$ F*
$\mathcal{F}^{*}=$ { $f\in \mathcal{B}(X)$ : $f\geq g$ F $g$ .}
. $X$ $L$ , $\mathcal{F}$ $h_{1},$ $\ldots,$ $h_{n}$ $\alpha$ ,
$L=\{x\in X : h_{i}(x)>\alpha, i=1, \ldots, n\}$
, $\mathcal{F}$ .
2.1 , .
2.1 $X$ $f\mathcal{B}(X)$ $X$
, $\mathcal{F}$ $\mathcal{B}(X)$ . $\mathcal{F}$ $f$ $g$ ,
$W$ $S:Warrow \mathcal{F}^{*}$ .
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(i) $f,$ $g\in S(W)$ .
(ii) $x\in X$ , $S()(x)$ : $Warrow R$ .
(iii) $w\in W$ ,
$fVg\geq S(w)$ .
(iv) $w\in W$ $\mathcal{F}$ $L$ ,
$M_{L}(f\wedge g)\geq M_{L}(f\wedge S(w))\wedge M_{L}(g\wedge S(w))$ .
$f,$ $g\in \mathcal{F}$ , $L$ $\mathcal{F}$ $X$ ,
$\inf_{h\in \mathcal{F}}M_{L}(h)\leq M_{L}(f\wedge g)$
.
$\alpha<\inf_{h\in \mathcal{F}}M_{L}(h)$ , $\alpha\leq M_{L}(f\wedge g)$ . $\alpha>M_{L}(f\wedge g)$
, .
$L(w)=\{x\in L : S(w)(x)>\alpha\}$
, $L(w)\neq\emptyset(w\in W)$ . $u,$ $v\in W$ $S(u)=f\rangle$ $S(v)=g$
. $L(u)\cap L(v)=\emptyset$ .
$U=\{w\in W : L(w)\subset L(u)\}$ , $V=\{w\in W : L(w)\subset L(v)\}$
, $u\in U,$ $v\in V,$ $U\cap V=\emptyset$ . , $S(w)\leq f\vee g$ ,
$L(w)\subset L(u)\cup L(v)$ .
, $L(w)\cap L(u)\neq\emptyset,$ $L(w)\cap L(v)\neq\emptyset$ $w$ , $L$
, ,
$\alpha<M_{L}(S(w)\wedge f)\wedge M_{L}(S(w)\wedge g)\leq M_{L}(f\wedge g)$
, . , $L=X$ , $L(w)\cap L(u)$ $L(w)\cap L(v)$
, $h\in \mathcal{F}$ $\{x\in X : h(x)>h(x_{1})\wedge h(x_{2})\}$
, . ,
$L(w)\subset L(u)$ $L(w)\subset L(v)$ ,
, $W=U\cup V$ . , $U$ . , $w_{0}\in U$ , $\alpha<S(w_{0})(x_{0})$
$x_{0}\in L$ . , $x_{0}\in L(w_{0})\subset L(u)$ . , $G=\{w\in W$ :
$\alpha<S(w)(x_{0})\}$ , $G$ $w_{0}$ , $w\in G$ , $x_{0}\in L(w)$ . ,




2.1 Kindler-Trost[3] , $X$ $X\cross X$ $X$
, } $\{x, y\}\subset\{x, y\}$ , (X, $\langle\cdot,$ $\cdot\}$ )
Interval Space . , $X$ $Z$ , { $z_{1},$ $z_{2}\rangle$ $\subset Z$ $z_{1},$ $z_{2}\in Z$
, . Interval Space $X$ $f$ $\alpha$
, $\{x\in X : f(x)<\alpha\}$ , , $-f$
$f$ .
$X,$ $Y$ Interval Spaces , $f$ : $X\cross Yarrow R$ , $f(\cdot, y)$ ,
, $f(x, \cdot)$ . , $\mathcal{F}=\{f(\cdot, y) : y\in Y\}$
, $y_{1},$ $y_{2}\in Y$ , $W=\{y_{1}, y_{2}\},$ $S(w)(x)=f(x, w),$ $w\in W$ , 2.1
(i) (iv) .
, (i) (\"ui) . (iv) , $M_{L}(f_{1}\wedge f_{2})<\alpha<M_{L}(S(w)\wedge f_{1})\wedge$
$M_{L}(S(w)\wedge f_{2})$ $\alpha$ ( $f_{1}(x)=f(x, y_{1}),$ $f_{2}(x)=f(x, y_{2})$
) ,
$\{x\in L : S(w)(x)>\alpha\}\cap\{x\in L : f_{1}(x)\geq\alpha\}\neq\emptyset$,
$\{x\in L : S(w)(x)>\alpha\}\cap\{x\in L : f_{2}(x)\geq\alpha\}\neq\emptyset$
, $\{x\in L :S(w)(x)>\alpha\}$ (iii) { $x\in L$ : $f_{1}(x)\geq$
$\alpha\}\cap\{x\in L:f_{2}(x)\geq\alpha\}\neq\emptyset$ , $M_{L}(fi\wedge f_{2})<\alpha$ .
2.2 $X,$ $Y$ , $f$ : $X\cross Yarrow R$ concavelike ,
convexlike . , $x_{1},$ $x_{2}\in X$ $s\in[0,1]$ ,
$x_{0}\in X$ ,
$f(x_{0}, y)\geq(1-s)f(x_{1}, y)+sf(x_{2}, y)$ , $y\in Y$
, $y_{1},$ $y_{2}\in Y$ $t\in[0,1]$ , $y_{0}\in Y$ ,
$f(x, y_{0})\leq(1-t)f(x, y_{1})+tf(x, y_{2})$ , $x\in X$
. , $f(\cdot, y)$ $X$ . , $\mathcal{F}=\{f(\cdot, y) : y\in Y\}$
, $y_{1},$ $y_{2}\in Y$ , $W=[0,1],$ $S(w)(x)=(1-w)f(x, y_{1})+wf(x, y_{2})$
2.1 (i) (iv) .
, $S(w)\in \mathcal{F}^{*}$ convexlikeness , (i) (iii) . (iv)
, 2.1 $\alpha$ ,
$S(w)(x_{1})>\alpha,$ $f_{1}(x_{1})>\alpha,$ $S(w)(x_{2})>\alpha,$ $f_{2}(x_{2})>\alpha$
$x_{1},$ $x_{2}\in L$ . $fi(x_{2})<\alpha$ , $\alpha=\mu fi(x_{1})+\nu fi(x_{2}),$ $\mu+\nu=1$
$\mu,$ $\nu\geq 0$ , concavelikeness $x_{0}\in L$ , $\alpha\leq fi(x_{0})$ .
$\alpha$ $<$ $\mu S(w)(x_{1})+\nu S(w)(x_{2})$





$\alpha\leq(f_{1}\wedge f_{2})(x_{0})\leq M_{L}(f_{1}\wedge f_{2})<\alpha$
, .
22 2.1 $f_{i},$ $\ldots,$ $f_{n}$ $\mathcal{F}$ ,
$\inf_{h\in \mathcal{F}}M_{X}(h)\leq M_{X}(f_{1}\wedge\cdots\wedge f_{n})$
.
$n=1$ . $n=2$ 2.1 . $n\geq 3$ , $n-1$
, . $\inf_{h\in \mathcal{F}^{M_{X}(h)}}>\alpha$ $\alpha$ ,
$g\in \mathcal{F}$ ,
$\alpha<M_{X}(f_{1}\wedge\cdots\wedge f_{n-2}\wedge g)$
, $g$ , $x\in X$ ,
$\alpha<(f_{1}\wedge\cdots\wedge f_{n-2}\wedge g)(x)$
, $L=\{x\in X : \alpha<(f_{1}\wedge\cdots\wedge f_{n-2})(x)\}$ , $L\neq\emptyset$ , $\alpha<M_{L}(g)$
, $\alpha\leq\inf_{g\in \mathcal{F}}M_{L}(g)$ . 2.1 , $\inf_{9\in \mathcal{F}}M_{L}(g)\leq M_{L}(f_{n-1}\wedge f_{n})$ . ,
$\alpha\leq M_{L}(f_{n-1}\wedge f_{n})$ , $\alpha\leq M_{X}(f1\wedge\cdots\wedge f_{n})$ .
2.1 $X$ , $\mathcal{U}(X)$ $X$
, $\mathcal{F}$ $\mathcal{U}(X)$ . $\mathcal{F}$ $f$ $g$ ,
$W$ $S:Warrow \mathcal{F}^{*}$ .
(i) $f,$ $g\in S(W)$ .
(ii) $x\in X$ , $S(\cdot)(x)$ : $Warrow R$ .
(iii) $w\in W$ ,
$f\vee g\geq S(w)$ .
(iv) $w\in W$ $\mathcal{F}$ $L$ ,
$M_{L}(f\wedge g)\geq M_{L}(f\wedge S(w))\wedge M_{L}(g\wedge S(w))$ .
$\max_{x\in}\inf_{X}f(x)=\inf_{ff\in}\max_{x\in X}f(x)$
.
$\alpha=\inf_{h\in \mathcal{F}}M_{X}(h)$ , $h\in \mathcal{F}$ , $X_{h}=\{x\in X : h(x)\geq\alpha\}$ ,
2,2 $\{X_{h}\}$ , $x_{0} \in\bigcap_{h\in \mathcal{F}}X_{h}$ $x_{0}$ . ,
$\alpha\leq\inf_{h\in \mathcal{F}}h(x_{0})\leq M_{X}(\inf_{h\in \mathcal{F}}h)$ .
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2.1 22 , .
2.1 (Kindler-Trost) $X,$ $Y$ Interval Spaces ,X , $f$ : $X\cross$
$Yarrow R$ .
(i) $f(\cdot, y)$ .
(ii) $f(x, \cdot)$ .
$\max_{x\in X}\inf_{y\in Y}f(x, y)=\inf_{v\in Y}\max_{x\in X}f(x, y)$
.
22 (Fan) $X$ , $Y$ , $f$ : $X\cross Yarrow R$
.
(i) $f$ concavelik .
(ii) $f$ convexlike .
(iii) $f(\cdot, y)$ .
$\max_{x\in X}\inf_{y\in Y}f(x, y)=\inf_{y\in Y}\max_{x\in X}f(x, y)$
.
3 K\"onig
Fan ( 2.2) , K\"onig[4] concavelike, convexlike
s-concavehkeness, t-convexlikeness
.
$X,$ $Y$ , $s,$ $t\in(0,1)$ . $f$ : $X\cross Yarrow R$ s-concavelike
, $x_{1},$ $x_{2}\in X$ , $x_{0}$ ,
$f(x_{0}, y)\geq(1-s)f(x_{1}, y)+sf(x_{2}, y)$ , $y\in Y$
, $f$ t-convexlike , $y_{1},$ $y_{2}\in Y$
, $y_{0}$ ,





3.1 ( $K\ddot{o}$nig) $X$ , $Y$ , $f$ : $X\cross Yarrow R$
$s,$ $t\in(0,1)$ .
(i) $f$ s-concavelike .
(ii) $f$ t-convexlike .
(iii) $f(\cdot, y)$ .
$\max_{x\in X}\inf_{y\in Y}f(x, y)=\inf_{y\in Y}\max_{x\in X}f(x, y)$
.
3.1 (i) (ii) $(i’),(\ddot{u}’)$
.
$(i’)[0,1]$ $D$ , $s\in D$ $x_{0},$ $x_{1}$ , $x_{s}$
, $y\in Y$ ,
$f(x_{s}, y)\geq(1-s)f(x_{0}, y)+sf(x_{1}, y)$
.
(ii’) $[0,1]$ $E$ , $t\in E$ $y_{0},$ $y_{1}$ , $y_{t}$
, $x\in X$ ,




2.1 . , 3.1
, 2 .
3.1 $X_{f}Y$ , $f$ : $X\cross Yarrow R$ $(i’)$ , (ii’) , $f(\cdot, y)$ $y$
$X$ . $y_{0},$ $y_{1}\in Y$ , $L$ $X$ $f$ $X$
\rangle





$\sup_{x\in L}\min(f(x, y_{0}),$ $f(x, y_{1}))< \alpha<\beta<\inf_{y\in Y}\sup_{x\in L}f(x, y)$ ,
. $t\in[0,1]$ ,
$L(t)=\{x\in L:(1-t)f(x, y_{0})+tf(x, y_{1})>\alpha\}$
. $t\in E$ , $(1-t)f(x, y_{0})+tf(x, y_{1})\geq f(x,$ $y\ovalbox{\tt\small REJECT}$ $\alpha<\inf_{y\in Y\sup_{x\in L}}f(x, y)$
$L(t)\neq\emptyset$ . $t\not\in E$ $L(t)=\emptyset$ $t$ , $x\in L$ ,
$(1-t)f(x, y_{0})+tf(x, y_{1})\leq\alpha$. $t$ $t’\in E$ , $(1-t’)f(x, y_{0})+t’f(x, y_{1})<\beta$
.
, $M>0,$ $M>2\beta$ $f(\cdot, yo)$ $f(\cdot, y_{1})$ $M$ . ,
$d= \min(\frac{1-t}{2}, \frac{(1-t)(\beta-\alpha)}{3(1+t)M-6\beta}, \frac{\beta-\alpha}{3M})$
, $t<t’<t+d$ $t’\in E$ , $x\in L$ ,
$(1-t’)f(x, y_{0})+t’f(x, y_{1})<\beta$
. , $L$ $L_{1},$ $L_{2},$ $L_{3}$ .
$L_{1}L_{2}$ $==$
$\{x\in L\backslash L_{1}:f(x,$
$y_{1} \{x\in L:f(x, y_{0})<\frac{2\beta-(1+t)M}{)<0^{1}\}^{-t}}\}$
,
$L_{3}$ $=$ $L\backslash (L_{1}\cup L_{2})$ .
$x\in L_{1}$ , $t’<t+(1-t)/2=(t+1)/2$ , $1+t>2t’$ . $1-t=2(1-(t+1)/2)>$
$2(1-t’)$
$f(x, y_{0})< \frac{2\beta-2t’M}{2(1-t)}=\frac{\beta-t’M}{1-t}$ .
,
$\beta$ $>$ $(1-t’)f(x, y_{0})+t’M$
$>$ $(1-t’)f(x, y_{0})+t’f(x, y_{1})$
$x\in L_{2}\cup L_{3}$ ,
$t<t’<t+ \frac{(1-t)(\beta-\alpha)}{3(1+t)M-6\beta}$
,
$\frac{\beta-\alpha}{3}$ $>$ $( t’-t)\frac{(1+t)M-2\beta}{1-t}$
$\geq$ $(t-t’)f(x, y_{0})$
,
$(1-t’)f(x, y_{0})<(1-t)f(x, y_{0})+ \frac{\beta-\alpha}{3}$ .
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, $x\in L_{2}$ , $t<t’,$ $f(x, y_{1})<0$ , $t’f(x, y_{1})<tf(x, y_{1})$ ,
$(1-t’)f(x, y_{0})+t’f(x, y_{1})$




, $x\in L_{3}$ , $t’<t+(\beta-\alpha)/3M$ $f(x, y_{1})\geq 0$ ,
$t’f(x, y_{1})$ $\leq$ $tf(x, y_{1})+ \frac{\beta-\alpha}{3M}f(x, y_{1})$
$\leq$ $tf(x, y_{1})+ \frac{\beta-\alpha}{3}$
,
$(1-t’)f(x, y_{0})+t’f(x, y_{1})$
$\leq$ $(1-t)f(x, y_{0})+ \frac{\beta-\alpha}{3}+tf(x, y_{1})+\frac{\beta-\alpha}{3}$
$\leq$ $\beta$ .
, $f(x, y_{t’})< \beta<\inf_{y\in Y}\sup_{x\in L}f(x, y)$ $x\in L$
. , $t\in[0,1]$ , $L(t)\neq\emptyset$ . , $L(O)\cap L(1)=\emptyset$
.
$T_{0}=\{t\in[0,1]:L(t)\subset L(0)\}$ , $T_{1}=\{t\in[0,1]:L(t)\subset L(1)\}$
, $0\in\tau_{0},1\in T_{1},$ $\tau_{0\cap T_{1}}=\emptyset$ . ,
$L(t)\subset L(0)\cup L(1)$
. , $x_{0}\in L(t)\cap L(O),$ $x_{1}\in L(t)\cap L(1)$ $t\in[0,1]$ $x_{0},$ $x_{1}$
,
$(1-t)f(x_{0}, y_{0})+tf(x_{0}, y_{1})>\alpha$ , $f(x_{0}, y_{0})>\alpha$ ,
$(1-t)f(x_{1}, y_{0})+tf(x_{1}, y_{1})>\alpha$ , $f(x_{1}, y_{1})>\alpha$ .
, $t$ $t’\in E$ , $t$ $t’$ ,
$x_{0}\in L(t’)\cap L(0),$ $x_{1}\in L(t’)\cap L(1)$ . , $t’\neq 0,$ $t’\neq 1$ .
$\sup_{x\in L}\min(f(x, y_{0}),$
$f(x, y_{1}))< \alpha-.\frac{1-t’}{t’}\epsilon$




, $\alpha\leq f(x_{s}, y_{0})$ . $x_{0}\in L(t’)$ , $\alpha<(1-t’)f(x_{0}, y_{0})+t’f(x_{0}, y_{1})$ .
$x_{1}\in L(t’)$ , $\alpha<(1-t’)f(x_{1}, y_{0})+t’f(x_{1}, y_{1})$ . ,
$\alpha$ $<$ $(1-s)((1-t’)f(x_{0}, y_{0})+t’f(x_{0}, y_{1}))+s((1-t’)f(x_{1}, y_{0})+t’f(x_{1}, y_{1}))$











$L(t)\subset L(O)$ , $L(t)\subset L(1)$
, $[0,1]=To$ $\cup T_{1}$ . , To . , $to\in To$ , $\alpha<$
(l–to) $f(x_{0}, y_{0})+t_{0}f(x_{0}, y_{1})$ $x_{0}\in L$ . , $x_{0}\in L(t_{0})\subset L(1)$ .
, $G=\{t\in[0,1] : \alpha<(1-t)f(x_{0}, y_{0})+tf(x_{0}, y_{1})\}$ , $G$ to ,
$t\in G$ , $x_{0}\in L(t)$ . , $x_{0}\in L(t)\cap L(O)$ , $L(t)\subset L(O)$ , $t\in\tau_{0}$ .
, $G\subset T_{0}$ . , $T_{1}$ $[0,1]$ .
3.1 3.1 3.1 (iii) $X$
, . , 22
.
.
3.2 $X$ $Y$ ( ,
) (
$f$
) . $f$ : $X\cross Yarrow R$ .
(i) $f(\cdot, y)$ , .
(ii) $f(x, \cdot)$ .




[1] K. Fan, Minimax theorems, Proc. Nat. Acad. Sci. U.S.A. 39 (1953), 42-47.
[2] M. A. Geraghty and B. L. Lin, Minimax theorems without linear structure, Linear
and Multilinear Algebra 17 (1985), 171-180.
[3] J. Kindler and R. Trost,Minimax theorems for interval spaces, Acta Math. Hung. 54
(1989), 39-49.
[4] H. Konig, Uber das von Neumannsche Minimaxtheorem, Arch. Math. 19 (1968),
482-487.
[5] H. Komiya, Elementary proof for Sion’s minimax theorem, Kodai Math. J. 11 (1988),
5-7.
[6] H. Komiya, On Minimax theorems, Bull. Inst. Math. Acad. Sinica 17 (1989), 171-
178.
10
